We propose a generalized treatment of the drag force of a spherical particle due to its motion in a laminar fluid media. The theory is equally applicable to analysis of particle diffusion and electric mobility. The focus of the current analysis is on the motion of spherical particles in low-density gases with Knudsen number Kn ӷ1. The treatment is based on the gas-kinetic theory analysis of drag force in the specular and diffuse scattering limits obtained in a preceding paper ͓Z. Li and H. Wang, Phys. Rev. E., 68, 061206 ͑2003͔͒. Our analysis considers the influence of van der Waals interactions on the momentum transfer upon collision of a gas molecule with the particle and expresses this influence in terms of an effective, reduced collision integral. This influence is shown to be significant for nanosized particles. In the present paper, the reduced collision integral values are obtained for specular and diffuse scattering, using a Lennard-Jones-type potential energy function suitable for the interactions of a gas molecule with a particle. An empirical formula for the momentum accommodation function, used to determine the effective, reduced collision integral, is obtained from available experimental data. The resulting treatment is shown to be accurate for interpreting the mobility experiments for particles as small as ϳ1 nm in radius. The treatment is subsequently extended to the entire range of the Knudsen number, following a semiempirical, gas-kinetic theory analysis. We demonstrate that the proposed formula predicts very well Millikan's oil-droplet experiments ͓R. A. Millikan, Philos. Mag. 34, 1 ͑1917͒; Phys. Rev. 22, 1 ͑1923͔͒. The rigorous theoretical foundation of the proposed formula in the Knӷ1 limit makes the current theory far more general than the semiempirical Stokes-Cunningham formula in terms of the particle size and condition of the fluid and, therefore, more attractive than the Stokes-Cunningham formula.
I. INTRODUCTION
The drag force on a small, spherical particle due to its motion in a laminar fluid has been historically given by the Stokes-Cunningham formula
where is the viscosity of the gas, R is the radius of the particle, V is the velocity vector of the particle relative to the gas, Kn is the Knudsen number defined as /R, is the mean free path of the gas molecules, and A, B, and E are empirical constants determined from the much celebrated, oil-droplet experiments of Millikan ͓1-3͔.
In the preceding paper ͓4͔ ͑hereafter referred to as paper I͒, we reviewed the current state of knowledge of the transport of small, spherical particles, including drag force, diffusion, and electric mobility ͓5͔, and concluded that a generalized theory of particle transport is not available. Specifically, we showed that in the free-molecule regime, Eq. ͑1͒ is valid only when the collision integral of fluid viscosity, ⍀ (2,2)* , is around unity. As such, it is applicable only to particle motion in air at room temperature. Furthermore, we demonstrated that Eq. ͑1͒ is not applicable when a particle approaches the size of a molecule. The problem arises from the disagreement between Eq. ͑1͒ and the Chapman-Enskog theory of molecular diffusion ͓6,7͔.
Using the gas-kinetic theory and considering the potential force of interactions during the collision of particle and fluid molecules, we obtained a rigorous and generalized treatment of momentum transfer in the free-molecule regime. More specifically, we examined the limiting cases of specular and diffuse scattering of fluid molecules upon collision with a spherical particle. The influence of potential force of interactions was cast into reduced collision integrals for the two limiting cases, following the same approach as the ChapmanEnskog theory ͓6,7͔. The resulting drag force is given by where the subscript ϱ denotes the free-molecule regime or Knӷ1, m r ϭm g m p /(m g ϩm p ) is the reduced mass, m g and m p are the masses of the gas molecule and particle, respectively, k is the Boltzmann constant, T is the absolute temperature, and N is the number density of the gas. In Eq. ͑2͒, ⍀ avg (1,1)* is an effective, reduced collision integral. On the basis of Millikan's experimental evidence and the ChapmanEnskog theory, ⍀ avg (1,1)* must be bound by the limiting collision integrals of diffuse and specular scattering. In paper I, we proposed that ⍀ avg (1,1)* be modeled by ⍀ avg (1,1)* ϭ⍀ d (1,1)* ϩ͑1Ϫ ͒⍀ s (1,1)* , ͑3͒
where (0рр1) is, in fact, the momentum accommodation coefficient ͓8͔, and ⍀ d (1,1)* and ⍀ s (1,1)* are the reduced collision integrals for diffuse and specular scattering, respectively. In paper I, we obtained mathematical expressions for ⍀ d
(1,1)* and ⍀ s (1,1)* . In the limit of rigid-body collisions, we found that ⍀ d (1,1)* ϭ1ϩ/8 and ⍀ s (1,1)* ϭ1, and for nonrigid-body collisions the reduced collision integrals usually assume values larger than those of the rigid-body limit. By comparing the Chapman-Enskog theory of molecular diffusion and Millikan's analysis of his data in the context of Epstein's ͓9͔ equations of drag force, we concluded in paper I that the momentum-accommodation factor is a function of particle size. Therefore, we shall hereafter call the momentum-accommodation function. Figure 1 depicts the schematic variation of the drag coefficient for Knӷ1, k d,ϱ ϭϪF ϱ /V, as a function of particle size in the limits of specular and diffuse scattering ͑thin lines͒. The shaded bands in Fig. 1 represent the correction due to non-rigid-sphere collisions. The mixed scattering model, shown by the dark band, accounts for the non-rigidsphere correction as well as the variation of as a function of the particle size.
The particle transport theory given by Eqs. ͑2͒ and ͑3͒ contains several important features ͓4͔. With ϭ0 the theory reproduces the first approximation of the Chapman-Enskog theory of molecular diffusion. Second, Epstein's drag force formulations ͓9͔ are shown to be special cases of the current theory in the limit of rigid-body collisions. Last, the current theory should reproduce Millikan's oil-droplet data with a value of about 0.9. As such this theory is general with respect to the variation of particle size and the fluid conditions as long as Knӷ1.
The objective of the current paper is to develop a simple mathematical model for the momentum-accommodation function on the basis of available experimental data. The values of reduced collision integrals are tabulated for a Lennard-Jones-type potential energy function, as will be discussed in Sec. II. In Sec. III, we will parametrize the momentum-accommodation function and demonstrate that the theory given by Eqs. ͑2͒ and ͑3͒ is quantitatively predictive against existing experimental data. In Sec. IV, an extension of the current theory to the transition (Knϳ1) and continuum (KnӶ1) regimes is developed following a semiempirical approach. The resulting generalized theory of spherical particle transport is shown to be applicable over the entire range of the Knudsen number.
II. COLLISION INTEGRALS AND POTENTIAL ENERGY OF INTERACTIONS
In paper I, the expression for the reduced collision integral was obtained as
where Q d(s) (g) is the energy-dependent collision cross section and gϭ␥ͱ2kT/m r . Although our theoretical development differs from the approach of the Chapman-Enskog theory of molecular diffusion ͓4͔, Eq. ͑4͒ is identical to the first approximation of that theory. The expressions for the collision cross section were also developed. For diffuse scattering, we have
͑5͒
and for specular scattering,
where is the scattering angle, b is the impact parameter ͓7͔, and b 0 is the critical impact parameter below which the gas molecule undergoes physical contact with the particle in a scattering process ͓4,7͔. For both diffuse and specular scattering, the collision integral is influenced by the potential function of interactions via the scattering angle, i.e.,
, ͑7͒
where r and ⌽(r) are, respectively, the center-to-center separation and potential energy of interactions between the gas molecule and particle, and r m is the distance of the closest encounter. For rigid-body collisions, ⍀ d (1,1)* /⍀ s (1,1)* ϭ1ϩ/8. For non-rigid-body collisions, this ratio is theoretically larger than unity ͓4͔. As an example, Fig. 2 shows the variations of ⍀ s (1,1)* and ⍀ d (1,1)* as a function of the reduced temperature for a Lennard-Jones 12-6 potential. Here, the reduced temperature is given by T*ϭkT/ ͓7͔, where is the potentialenergy well depth.
While the Lennard-Jones 12-6 potential function is generally adequate for van der Waals interactions of molecular species, there is no evidence that the function is applicable FIG. 1 . Schematic of the drag coefficient as a function of particle radius for Knӷ1. The bends above the hard-sphere limits are caused by the influence of the van der Waals force on the collision cross section. The mixed-scattering model shows the transition from specular scattering to diffuse scattering as the particle radius increases ͑see text͒.
for the interactions of gas molecule with a particle. A potential function more relevant to molecule-particle interactions is perhaps the one recently proposed by Rudyak and Krasnolutski ͓10-12͔. This potential function was constructed by summing the Lennard-Jones 12-6 potential energy of interaction between a fluid molecule with all atoms or molecules in the particle. Although there is some evidence that the dispersion forces are nonadditive ͓13͔, we nonetheless propose to use the Rudyak-Krasnolutski function because of lack of alternatives.
The Rudyak-Krasnolutski function considers a repulsive potential term ⌽ 9 (r) in the short range and the attractive potential term ⌽ 3 (r) in the long range of separations,
͑8͒
where a 9 ϭ9r/8, a 3 ϭ3r/2,
V is the effective volume of the particle per molecule and may be related to the mass density of the particle s by V ϭM / s , and M is the mean atomic mass of the particle material. The 9-3 potential function is related to molecular interactions via the parameters and , i.e., the LennardJones 12-6 well-depth and collision diameter for the interactions of the fluid molecule and the constituent atom or molecule of the particle. Here the pair potential parameters may be estimated from the parameters of self-interactions through the well-accepted combination rules ͓14͔,
where the subscripts g and p denote the fluid molecule and constituent atom or molecule of the particle.
As an example, Fig. 3 shows the variation of the potential energy for the interaction of a nitrogen molecule with a silver particle, as a function of reduced separation r/R. The potential energy is computed using the Lennard-Jones 12-6 potential parameters of nitrogen molecule ( g ϭ3.652 Å and g /kϭ98.4 K ͓15͔͒, and silver atom ( p ϭ2.54 Å and p /kϭ3995.4 K ͓16͔͒. The mass density of the silver particle is s ϭ10.5 g/cm 3 ͓17͔ based on the assumption that it is identical to the bulk material. It is seen that the well depth is essentially independent of the particle radius. This is expected since C 3 and C 9 are essentially independent of the particle size if the effective volume V is a constant. FIG. 3. The potential energy of interactions for a silver particle of radius R and a nitrogen molecule as a function of the center-tocenter separation distance r. The potential energy is computed using a 9-3 potential function, Eq. ͑4͒ ( g ϭ3.652 Å, g /k ϭ98.4 K, p ϭ2.54 Å, p /kϭ3995.4 K, and s ϭ10.5 g/cm 3 ͒.
In defining the reduced collision integrals ⍀ s (1,1)* and
(1,1)* , we use R 2 as the collision cross section ͓4͔ for the purpose of convenience. Obviously, the actual cross section must be larger than R 2 ͓18͔ because of finite gas-molecule size. Following the approach of Fernández de la Mora et al. ͓18͔ , an alternative choice can be made by using gϪp 2 , where gϪp is the actual collision diameter. The collision diameter may be defined by the center-to-center separation corresponding to ⌽( gϪp )ϭ0 or, simply, by a sum of the particle radius and one-half of the collision diameter of the gas molecule, i.e., gϪp ϭRϩ g /2. Then the R 2 term in Eq. ͑2͒ is replaced by gϪp 2 . Theoretically this alternative approach is more rigorous, but practically the approach makes it very difficult to tabulate the collision integrals because they would have to be dependent on at least three independent variables, as compared to two independent variables if R 2 is chosen as the cross section. We note that practically the choice of cross section is inconsequential to the prediction of the drag force. The potential force of interactions affects the drag force primarily in the limit of small particle radius. It can be shown that the drag force is exact as long as the potential function is accurate and that the particle radius in Eq. ͑9͒ truthfully represents the particle size. In the large-particle-size limit, however, the choice of R 2 theoretically introduces some inaccuracy, since the reduced collision integrals do not rigorously approach their asymptotic limits of rigid-sphere collisions. This, however, should not be a problem because ͑a͒ for large particles the potential force of interactions is unimportant and ͑b͒ gϪp 2 naturally approaches R 2 in the limit of large R.
Below we show that the reduced collision integrals given by Eq. ͑4͒ can be tabulated as a function of only two independent potential parameters. We introduce the dimensionless center-to-center separation as rЈϭ r R ͑12͒
and collision diameter as
We further introduce an effective well depth as
The potential energy is nondimensionalized as ⌽Ј(rЈ) ϭ⌽(rЈ)/Ј and
͑15͒
It is apparent that the collision integrals are functions of Ј and Ј only.
In Figs Tables I and II , respectively, as functions of Ј and T*. The ranges of T*(Ͻ100) and Ј͑Ͻ0.6͒ values were chosen to be sufficiently wide for all practical purposes. The maximum Ј value ensures that the collision integral is applicable to particles with radius as small as 0.5 nm.
The reduced collision integral values may be parametrized by the following two equations: 
III. MOMENTUM-ACCOMMODATION FUNCTION
As discussed earlier, the momentum-accommodation function essentially describes, with an increase in the particle size, the transition of the dominant outcome of collision between a gas molecule and a particle from specular scattering to diffuse scattering. Based on experimental and theoretical evidence, should assume the asymptotic values of ϳ1 and 0 in the limits of large and small particle sizes, respectively ͓4͔. The transition is expected to occur at a particle diameter of a few nanometers ͓19͔. Beyond the aforementioned evidence, little is known about the shape and form of the momentum-accommodation function. Therefore we are forced to treat this function empirically and propose that this function be modeled by the following equation:
Clearly Eq. ͑19͒ reduces to unity for KnӶ1. This limiting condition is found to be important to drag-force prediction in the transition regime, which will be discussed in Sec. V. For Knӷ1, Eq. ͑19͒ is reduced to ϭ0.9͕1Ϫ1/͓1ϩ(R/␤) ␣ ͔͖. Here the constant 0.9 ensures that the scattering approaches the diffuse-to-specular ratio of 90 to 10 for large R values, in agreement with Millikan's observation ͓3͔. The constant ␤ is related to the particle size at the transition from specular to diffuse scattering. The curvature or sharpness of the transition is determined by constant ␣. These empirical constants are subsequently determined by fitting them against available experimental data, as will be discussed below.
In recent years there have been several studies ͓12,20,21͔ that compared mobility sizes measured by the differential mobility analyzer ͑DMA͒ with sizes measured by transmission electronic microscopy ͑TEM͒. These measurements were made for nearly spherical silver particles in nitrogen ͓20,21͔ and copper oxide particles again in nitrogen ͓12͔. The particles are as small as 1.7 nm in radius. These data are reproduced in Table III . On average, the mobility size was found to be larger than the TEM size by about 20%. This is expected since the DMA measurements used the StokesCunningham formula ͑1͒, which is inherently consistent with the diffuse-scattering limit and does not consider the influence of potential force of interactions between the fluid molecule and particle.
The experimental data just discussed are used here to obtain the constants in Eq. ͑19͒. Specifically, the ''experimental'' drag coefficients k d ϭϪF/V are derived from the mobility radius R DMA for each experiment given in Table III, where R is in units of nm. Table III and Fig. 6 show the comparison of the radius predicted by the current theory and the TEM radius. It is seen that the theory predicts well the TEM radius over the entire range of radius. The mean error in the predicted radius is 7.7%, substantially better than the Stokes-Cunningham formula.
We examined the sensitivity of the drag-force prediction with respect to the form of the momentum-accommodation function and its parameters. Figure 7 shows two sets of sample momentum-accommodation functions used in the analysis. The first set is given by Eq. ͑19͒ with the constants ␣ and ␤ given in Fig. 7 . In the second set, we used a slightly different function, given by
where ␣ and ␤ are again constants and listed Fig. 7 . Table V presents a comparison of the percentage errors of particle radius predicted by these functions, along with several other FIG. 6 . Comparison of particle radius determined by the current theory and the TEM radius. The dashed lines illustrate the predictions using the limiting cases of ϭ0 ͑specular scattering͒ and ϭ0.9 ͑predominantly diffuse scattering͒. cases not shown in Fig. 7 . It is seen that given the scatter in the experimental data, the accuracy of the predictions is not very sensitive to the constant values: nor is it sensitive to the functional forms examined. This insensitivity does not undermine the need to use the momentum-accommodation function that switches from specular scattering to diffuse scattering as the particle radius increases. Without the use of the momentum-accommodation function, the TEM and mobility data cannot be reconciled over the entire range of particle size. This point is demonstrated by the dashed lines shown in Fig. 6 , which depict the radius predicted in the limit of specular scattering and by the 90% diffuse and 10% specular mix.
The transition from specular to diffuse scattering happens at a particle radius of 2-3 nm, based on the ␤ value ͓equal to 2.5 as shown in Eq. ͑20͔͒ obtained by fitting the experimental data of Table III . This radius is larger than the value quoted by Tammet's ͓24͔, e.g., 1-2 nm in diameter. The switch function in Tammet's formula is a function of AϩB in the Stokes-Cunningham formula. Therefore, the smaller particle size for the transition may be attributed to the inaccuracy in the Stokes-Cunningham formula for nanosized particles. Regardless, the physical reason for this transition will have to be investigated in future studies.
IV. COMPARISON OF THE CURRENT THEORY WITH OTHER DATA
Recently, Fernández de la Mora et al. ͓18͔ reported a comprehensive study of nanoparticle size determination by mobility analysis and focused impaction. The electric mobility values were measured as a function of particle size for a large number of silver particles with mass ranging from 3 to 160ϫ10 Ϫ20 g or diameter ranging from about 1 to 4 nm ͑based on a mass density of 7.9 g/cm 3 ͓18͔͒. Furthermore, Kauffman et al. ͓25͔ reported the mobility of protein nanoparticles with mass ranging from 1 to 110ϫ10 Ϫ20 g or diameter ranging from 1 to 6 nm ͑based on a mass density of 1.28 g/cm 3 ͓18͔͒. These data provide the much needed test cases for the current theory.
A comparison between the aforementioned experiments and predictions from the current theory is made following the same fashion as that in ͓18͔. The relevant potential function parameters and mass density values are given in Table  IV . Figure 8 presents a Z Ϫ1/2 versus m p 1/3 plot, where the symbols are experimental data and lines are predicted from the current theory. Following the work of Fernández de la Mora et al., we used two different mass density values s ϭ7.9 and 10.5 g/cm 3 for silver particles. It is seen that the current theory agrees very well with the data for small particles using s ϭ7.9 g/cm 3 and for large particles with s ϭ10.5 g/cm 3 . Unlike the formula of Friedlander ͓8͔ and Fernández de la Mora et al. ͓18͔ , which predict a linear dependence between Z Ϫ1/2 and m p 1/3 , the current theory predicts a subtle curvature in the relation between Z Ϫ1/2 and m p 1/3 . Obviously, the curvature is caused by the transition at around 2-3 nm in particle radius, from specular scattering for small particles to diffuse reflections for large particles.
The theory is found to be in good agreement with the protein data. The minor discrepancy between experimental data and the current theory could be a consequence of the inaccuracy of the potential parameters used in our analysis. Since these parameters are not known, we opt to estimate them using the parameters of carbon ͑see Table IV͒ . Obviously, these estimates are rough at best. The disagreement could also be caused by an inaccuracy in the momentumaccommodation function, as there is no theoretical evidence to confirm that this function is independent of the particle material and atomic structure on the particle surface. This issue will be examined in a future study.
V. GENERALIZED DRAG-FORCE FORMULA
The theoretical result of the free-molecule regime may be extended to the entire range of Knudsen number following a semiempirical approach, as outlined in the Appendix. Specifically, we propose that the drag force be modeled by . The values of AЈ were indirectly measured for a large number of droplets ͓2,3͔ and were later reanalyzed by Allen and Raabe ͓26͔. We derived the dragforce values for these experiments using Fϭ6RV/(1 ϩAЈKn) and found that Eq. ͑22͒ with a w value of 1.143 agreed well with these derived data. Here the viscosity of air is taken from Schilichting ͓30͔, i.e.,
where 0 ϭ1.819ϫ10 Ϫ4 cp and T 0 ϭ110.4 K. Figure 9͑a͒ shows the values of F/(6RV) derived from the AЈ data tabulated in ͓26͔ and those predicted by Eq. ͑22͒ ͓27͔, over a range of Knudsen number. It is seen that the agreement is very good. In Fig. 9͑b͒ , we plot the deviations of Eq. ͑22͒ in the predicted drag-force values and compare them to the Stokes-Cunningham formula ͑using the parameters of Allen and Raabe ͓26͔͒. Clearly, the current theory is as accurate as the Stokes-Cunningham formula of the best known parameters over the entire range of Knudsen number. We note, therefore, that the ability to predict the mobility of nanosize particles and its rigorous theoretical foundation in the Knӷ1 limit makes the current theory a far more general treatment for spherical particle transport in dilute gases than the Stokes-Cunningham formula.
VI. SUMMARY
In the present paper we demonstrated a generalized treatment for the drag force, electric mobility, and diffusion coefficient of spherical particles in dilute gases and for Knӷ1. The treatment is based on the theoretical derivation of particle drag of paper I, obtained for two limiting scattering models. The current theory was validated against the available experimental data. Extending the current theory in the Knӷ1 limit, we propose that the drag force for spherical particles in the entire range of the Knudsen number be treated by the following equation:
͑25͒
where the expression of ␣Ј is given by Eq. ͑23b͒, the average collision integral ⍀ avg (1,1)* is given by
and last, the reduced collision integrals for diffuse and specular scattering are expressed by In the above equation, the modified reduced temperature is given by
and ϭ( g ϩ p )/2 and ϭͱ g p , where p and p are the self-collision diameter and well depth of the Lennard-Jones potential function for the constituent atom or molecule of the particle material and g and g are those of the molecules of the gas media. Last, we note that Eq. ͑25͒ is generally applicable to other particle transport properties including the diffusion coefficient ͓5͔.
ACKNOWLEDGMENT
This work was supported by the National Science Foundation under Grant No. CHE-0089136.
APPENDIX: A SEMIEMPIRICAL TREATMENT OF THE DRAG FORCE IN THE TRANSITION REGIME
From the standpoint of continuum mechanics, the dragforce equations differ primarily in the boundary condition ͓28͔. For the continuum regime, the stick boundary condition was assumed. At the microscopic level, this boundary condition implies that the relative velocity of the fluid molecules at the surface of the particle is zero. For the free-molecule regime, the particle exhibits no net effect on the velocity of the fluid molecules, which is referred to as the slip boundary condition. The transition regime represents an intermediate boundary condition, which will be treated here by the gaskinetic theory. Although the mathematical treatment below is rigorous, physically the approach is semiempirical. Because the transition regime corresponds to relatively large particles, we neglect the potential force of interactions between the particle and fluid molecule.
Consider a coordinate system shown in Fig. 10 . The origin OЈ is an arbitrary point on the surface of the particle with x axis being tangential to the surface and z axis directing to the center of the particle. is the angle between the incoming fluid flow and the z axis. Assuming the equilibrium velocity of gas molecules is denoted by V with v x , v y , and v z being the components in x, y, and z directions, respectively. The velocity distribution function of the incident molecules, f i , under the assumption of slip boundary condition, is given by ͓29͔ For the transition regime, we assume that the overall effect of the particle on the velocity of gas molecules could be represented by a factor ␣* and the velocity of the gas molecules around the particle is ␣*V rather than V, so that Eq. ͑A1͒ is replaced by 
͑A4͒
The incident molecular flux on the area element around the origin, dA, is 
͑A12͒
where Sϭ␣*V/ͱ2kT/m r . In general, the value of S is of the order of 10 Ϫ3 if ␣*Vϳ1 m/s. Expanding Eq. ͑A12͒ around Sϭ0 in a Taylor series and truncating the terms higher than the second order, we obtain the first-order approximation for the drag force as In the above equation, the ͑1ϩ/8͒ term derives from the rigid-body collision assumption and can be replaced by the effective, reduced collision integral. Therefore, Eq. ͑A13͒ can be rewritten as Of course, the above equation satisfies the two limiting boundary conditions in the large-and small-Knudsennumber limits.
